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An introduction to the modern theory of equations, by Florian Cajori. Set up and electrotyped. In proceeding
from the elementary to the more advanced properties of equations, the subject of invariants and covariants is
here omitted, to make room for a discussion of the elements of substitutions and substitution-groups, of
domains of rationality, and of their application to equations. Thereby the reader acquires some familiarity with
the fundamental results on the theory of equations, reached by Gauss, Abel, Galois, and Kronecker. The
Galois theory of equations is usually found by the beginner to be quite difficult of comprehension. In the
present text the effort is made to render the subject more concrete by the insertion of numerous exercises. If, in
the work of the class room, this text be found to possess any superiority, it will be due largely to these
exercises. Most of them are my own; some are taken from the treatises named below. In the mode of
presentation I can claim no originality. The following texts have been used in the preparation of this book:
Theory of Equations, Vol. Theory of Algebraic Equations. The Constructive Development of Group-Theory.
Encyklopddie der Mathematischen Wissenschaften. Euvres mathematiques, avec une introduction par M.
Vorlesungen iiber das Ikosaeder. Grundziige der Antiken u. Theory of Substitutions, translated by F. Theorie
der Algebraischen Gleichungen. Handbuch der Hoheren Algebra. Resolution Algybrique des Equations.
Encyklopddie der Elementaren Algebra und Analysis. Of these books, some have been used more than others.
In the elementary parts I have been influenced by the excellent treatment found in the first volume of Burnside
and Panton. Next to these, special mention of indebtedness is due to Bachmann, Netto, Serret, and Pierpout. I
desire also to express my thanks to Miss Edith P. Powers, of Denver, for valuable suggestions and assistance
in the reading of the proofs, and to Mr. Birchby, who has furnished solutions to a large number of problems. In
the study of the theory of equations we shall employ a class of functions called algebraic. An algebraic
finction is one which involves only the operations of addition, subtraction, multiplication, division, involution,
and evolution in expressions with constant exponents. A rational function of a quantity is one which involves
only the operations of addition, subtraction, multiplication, and division upon that quantity. If root-extraction
with respect to any operand containing that quantity is involved, then the function is irrational. An integral
function of a quantity is one in which the quantity never appears in the denominator of a fraction. A variety of
further assumptions relating to these coefficients may be made. Thus, we may assume that they are variables,
varying independently of each other. We may also assume that the variable coefficients are rational functions
of one or more other variables. Or, we may assume the coefficients to be constants -either particular algebraic
numbers or letters which stand for such numbers. The nature of the assumptions relating to the coefficients
will be stated definitely as we proceed. In some theorems the coefficients are confined to real, rational,
integral numbers; in others, the coefficients may be fractions or complex numbers; in the development of the
Galois Theory of Equations, radical expressions will be admitted. Whenever, in the next ten chapters, the
coefficients are represented by letters, they may be regarded either as independent variables or as constants.
Not until we enter upon the Galois theory is it essential to discriminate between the two. A value of x which
reduces this equation to an identity is called a root. When all the coefficients are independent variables, the
equation is the so-called general equation of the nth degree. Designate the quotient by Q, the remainder by R.
The following theorem is the converse of this. The preceding theorem is a special case of the following
Theorem. The valze of the qtuantic f x , when h is substitlted for x, is equal to the remainder which does not
involve x, obtained in the operation of dividing f x by x - h. Divisions of polynomials by binomials, with
numerical coefficients, may be performed expeditiously by the process called synthetic division. We exhibit
the ordinary process, and also that of synthetic division. Moreover, the process is compressed so that the
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coefficients of the quotient and the remainder appear all in the same line. The process is as follows: Multiply 1
by 3 and add the product to 5, giving 8. Multiply 8 by 3 and add the product to 4, giving Multiply 28 by 3 and
add the product to - 23, giving If in the dividend any powers of x are missing, their places are to be supplied
by zero coefficients. Show that, if f x is divided by x - h. By continuing in this way we shall obtain n factors of
f x , viz. As the quantic f x vanishes when we put for x any one of the n numbers a1, a2,.. If x is assigned a
value different from any one of these n roots, then no factor of f x can vanish and the equation is not satisfied.
We shall prove that the conjugate number, a - ib, is also a root. All the terms which do not contain i or which
contain even powers of i will be real; all terms which contain odd powers of i will be imaginary. Denote the
algebraic sum of all real terms by P, and the algebraic sum of all imaginary terms by iQ. As before, expand
and simplify. All the real terms will be unchanged; all the imaginary terms will have their signs changed, but
otherwise will be the same as before. Hence the quantic f x now assumes the value P- iQ. Hence a - ib is a
root. From the preceding theorem it is evident that every equation of odd degree and with real coefficients
must have at least one real root. Thus, a cubic equation must have either three real roots or one real root and
two complex roots. The three roots are called the cube roots of unity. Also, the sum of the three roots of unity
is zero. An incomplete equation can be made complete in form by writing the missing terms with zero
coefficients. When two successive terms in. We shall show that if a polynomial f x is multiplied by a factor x a, thereby introducing a new positive root, the variations of sign in the product will exceed those in the
polynomial by an odd number. In the function f x , which is arranged according to the descending powers of x
and may be either complete or incomplete, we assume that the signs of the terms vary in the following
manner: Let a be a positive root. Multiplying f x by x - a, and writing like powers of x underneath each other,
we obtain a product whose signs may be written as follows: We see also that to every variation of sign in f x
there corresponds a variation in x - ff x. In the product there is, in addition, a variation introduced at the end.
Hence the product contains at least one more variation than does f x. But such changes in sign always increase
the variations by an even number. The same conclusion is reached when the last term in f x is negative.
Designate this product by F x. Hence the number of variations in F x is an even number, 2 k, where k is zero
or a positive integer. Hence, the theorem is established. There is no variation; therefore, no positive root.
Transform the equation by changing the signs of the terms containing odd powers of x. The new equation has.
Consequently, the original equation cannot have more than one negative root. The real root of the given cubic
is thus seen to be negative; the other two roots must be complex. Here f x has two variations, and f â€” x has
two variations. Since 2n - 1 has one variation and -x 2 - 1 has one variation, the given equation cannot have
more than one positive root nor more than one negative root. Ience there are 2 n - 2 complex roots. Prove that
if the roots of a complete equation are all real, the number of positive roots is equal to the number of
variations, and the number of negative roots is equal to the number of permlanences. An equation with only
positive terms cannot have a positive root. If the number of variations is odd, the equation has at least one
positive root, but it cannot have an even number of positive roots. A complete equation with alternating signs
cannot have a negative root. If all the terms of an equation are positive and the equation involves no odd
powers of x, then all its roots are complex. If all the terms of an equation are positive and all involve odd
powers of x, then 0 is the only real root of the equation. How many are positive?
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In other words, individual photons can deliver more or less energy, but only depending on their frequencies. In
nature, single photons are rarely encountered. The Sun and emission sources available in the 19th century emit
vast numbers of photons every second, and so the importance of the energy carried by each individual photon
was not obvious. However, although the photon is a particle, it was still being described as having the
wave-like property of frequency. Effectively, the account of light as a particle is insufficient, and its wave-like
nature is still required. A photon of ultraviolet light delivers a high amount of energy â€”enough to contribute
to cellular damage such as occurs in a sunburn. So, an infrared lamp can warm a large surface, perhaps large
enough to keep people comfortable in a cold room, but it cannot give anyone a sunburn. Anomalous results
may occur in the case of individual electrons. For instance, an electron that was already excited above the
equilibrium level of the photoelectric device might be ejected when it absorbed uncharacteristically low
frequency illumination. Statistically, however, the characteristic behavior of a photoelectric device reflects the
behavior of the vast majority of its electrons, which are at their equilibrium level. This point is helpful in
comprehending the distinction between the study of individual particles in quantum dynamics and the study of
massed particles in classical physics. These properties suggested a model in which electrons circle around the
nucleus like planets orbiting a sun. A second, related, puzzle was the emission spectrum of atoms. When a gas
is heated, it gives off light only at discrete frequencies. For example, the visible light given off by hydrogen
consists of four different colors, as shown in the picture below. The intensity of the light at different
frequencies is also different. By contrast, white light consists of a continuous emission across the whole range
of visible frequencies. The formula also predicted some additional spectral lines in ultraviolet and infrared
light that had not been observed at the time. These lines were later observed experimentally, raising
confidence in the value of the formula. Emission spectrum of hydrogen. When excited, hydrogen gas gives off
light in four distinct colors spectral lines in the visible spectrum, as well as a number of lines in the infrared
and ultraviolet.
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Special relativity introduced a new framework for all of physics by proposing new concepts of space and time.
Equivalence principle A person in a free-falling elevator experiences weightlessness ; objects either float
motionless or drift at constant speed. Since everything in the elevator is falling together, no gravitational effect
can be observed. In this way, the experiences of an observer in free fall are indistinguishable from those of an
observer in deep space, far from any significant source of gravity. Such observers are the privileged "inertial"
observers Einstein described in his theory of special relativity: Roughly speaking, the principle states that a
person in a free-falling elevator cannot tell that they are in free fall. Every experiment in such a free-falling
environment has the same results as it would for an observer at rest or moving uniformly in deep space, far
from all sources of gravity. The effect is identical. Most effects of gravity vanish in free fall, but effects that
seem the same as those of gravity can be produced by an accelerated frame of reference. An observer in a
closed room cannot tell which of the following is true: Objects are falling to the floor because the room is
resting on the surface of the Earth and the objects are being pulled down by gravity. Objects are falling to the
floor because the room is aboard a rocket in space, which is accelerating at 9. The objects are being pulled
towards the floor by the same "inertial force" that presses the driver of an accelerating car into the back of his
seat. Conversely, any effect observed in an accelerated reference frame should also be observed in a
gravitational field of corresponding strength. This principle allowed Einstein to predict several novel effects of
gravity in , as explained in the next section. An observer in an accelerated reference frame must introduce
what physicists call fictitious forces to account for the acceleration experienced by himself and objects around
him. One example, the force pressing the driver of an accelerating car into his or her seat, has already been
mentioned; another is the force you can feel pulling your arms up and out if you attempt to spin around like a
top. Nonetheless, he was able to make a number of novel, testable predictions that were based on his starting
point for developing his new theory: The first new effect is the gravitational frequency shift of light. Consider
two observers aboard an accelerating rocket-ship. Aboard such a ship, there is a natural concept of "up" and
"down": Assume that one of the observers is "higher up" than the other. When the lower observer sends a light
signal to the higher observer, the acceleration causes the light to be red-shifted , as may be calculated from
special relativity ; the second observer will measure a lower frequency for the light than the first. Conversely,
light sent from the higher observer to the lower is blue-shifted , that is, shifted towards higher frequencies.
This is illustrated in the figure at left, which shows a light wave that is gradually red-shifted as it works its
way upwards against the gravitational acceleration. This effect has been confirmed experimentally, as
described below. This gravitational frequency shift corresponds to a gravitational time dilation: Since the
"higher" observer measures the same light wave to have a lower frequency than the "lower" observer, time
must be passing faster for the higher observer. Thus, time runs more slowly for observers who are lower in a
gravitational field. It is important to stress that, for each observer, there are no observable changes of the flow
of time for events or processes that are at rest in his or her reference frame. It is only when the clocks are
compared between separate observers that one can notice that time runs more slowly for the lower observer
than for the higher. In a similar way, Einstein predicted the gravitational deflection of light: Quantitatively, his
results were off by a factor of two; the correct derivation requires a more complete formulation of the theory
of general relativity, not just the equivalence principle. The equivalence between gravitational and inertial
effects does not constitute a complete theory of gravity. But a freely falling reference frame on one side of the
Earth cannot explain why the people on the opposite side of the Earth experience a gravitational pull in the
opposite direction. A more basic manifestation of the same effect involves two bodies that are falling side by
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side towards the Earth. These bodies are not falling in precisely the same direction, but towards a single point
in space: In a small environment such as a freely falling lift, this relative acceleration is minuscule, while for
skydivers on opposite sides of the Earth, the effect is large. From acceleration to geometry[ edit ] In exploring
the equivalence of gravity and acceleration as well as the role of tidal forces, Einstein discovered several
analogies with the geometry of surfaces. An example is the transition from an inertial reference frame in
which free particles coast along straight paths at constant speeds to a rotating reference frame in which extra
terms corresponding to fictitious forces have to be introduced in order to explain particle motion: A deeper
analogy relates tidal forces with a property of surfaces called curvature. For gravitational fields, the absence or
presence of tidal forces determines whether or not the influence of gravity can be eliminated by choosing a
freely falling reference frame. Similarly, the absence or presence of curvature determines whether or not a
surface is equivalent to a plane. In the summer of , inspired by these analogies, Einstein searched for a
geometric formulation of gravity. The basic entity of this new geometry is four- dimensional spacetime. The
orbits of moving bodies are curves in spacetime ; the orbits of bodies moving at constant speed without
changing direction correspond to straight lines. This description had in turn been generalized to
higher-dimensional spaces in a mathematical formalism introduced by Bernhard Riemann in the s. Embedding
Diagrams are used to illustrate curved spacetime in educational contexts. Probing the gravitational field[ edit ]
Converging geodesics: In the absence of gravity and other external forces, a test particle moves along a
straight line at a constant speed. In the language of spacetime , this is equivalent to saying that such test
particles move along straight world lines in spacetime. In the presence of gravity, spacetime is non-Euclidean ,
or curved , and in curved spacetime straight world lines may not exist. Instead, test particles move along lines
called geodesics , which are "as straight as possible", that is, they follow the shortest path between starting and
ending points, taking the curvature into consideration. A simple analogy is the following: Approximately, such
a route is a segment of a great circle , such as a line of longitude or the equator. But they are as straight as is
possible subject to this constraint. The properties of geodesics differ from those of straight lines. For example,
on a plane, parallel lines never meet, but this is not so for geodesics on the surface of the Earth: Analogously,
the world lines of test particles in free fall are spacetime geodesics , the straightest possible lines in spacetime.
But still there are crucial differences between them and the truly straight lines that can be traced out in the
gravity-free spacetime of special relativity. In special relativity, parallel geodesics remain parallel. In a
gravitational field with tidal effects, this will not, in general, be the case. Where such objects are concerned,
the laws governing the behavior of test particles are sufficient to describe what happens. Notably, in order to
deflect a test particle from its geodesic path, an external force must be applied. A chair someone is sitting on
applies an external upwards force preventing the person from falling freely towards the center of the Earth and
thus following a geodesic, which they would otherwise be doing without matter in between them and the
center of the Earth. In this way, general relativity explains the daily experience of gravity on the surface of the
Earth not as the downwards pull of a gravitational force, but as the upwards push of external forces. More
precisely, it is caused by a specific property of material objects: Here, too, mass is a key property in
determining the gravitational influence of matter. But in a relativistic theory of gravity, mass cannot be the
only source of gravity. Relativity links mass with energy, and energy with momentum. In relativity, mass and
energy are two different ways of describing one physical quantity. If a physical system has energy, it also has
the corresponding mass, and vice versa. Just as space and time are, in that theory, different aspects of a more
comprehensive entity called spacetime, energy and momentum are merely different aspects of a unified,
four-dimensional quantity that physicists call four-momentum. In consequence, if energy is a source of
gravity, momentum must be a source as well. The same is true for quantities that are directly related to energy
and momentum, namely internal pressure and tension. Taken together, in general relativity it is mass, energy,
momentum, pressure and tension that serve as sources of gravity: They provide a precise formulation of the
relationship between spacetime geometry and the properties of matter, using the language of mathematics.
More concretely, they are formulated using the concepts of Riemannian geometry , in which the geometric
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properties of a space or a spacetime are described by a quantity called a metric. The metric encodes the
information needed to compute the fundamental geometric notions of distance and angle in a curved space or
spacetime. Distances, at different latitudes, corresponding to 30 degrees difference in longitude. A spherical
surface like that of the Earth provides a simple example. The location of any point on the surface can be
described by two coordinates: Unlike the Cartesian coordinates of the plane, coordinate differences are not the
same as distances on the surface, as shown in the diagram on the right: Coordinates therefore do not provide
enough information to describe the geometry of a spherical surface, or indeed the geometry of any more
complicated space or spacetime. That information is precisely what is encoded in the metric, which is a
function defined at each point of the surface or space, or spacetime and relates coordinate differences to
differences in distance. All other quantities that are of interest in geometry, such as the length of any given
curve, or the angle at which two curves meet, can be computed from this metric function. In general relativity,
the metric and the Riemann curvature tensor are quantities defined at each point in spacetime. As has already
been mentioned, the matter content of the spacetime defines another quantity, the energyâ€”momentum tensor
T, and the principle that "spacetime tells matter how to move, and matter tells spacetime how to curve" means
that these quantities must be related to each other. Einstein formulated this relation by using the Riemann
curvature tensor and the metric to define another geometrical quantity G, now called the Einstein tensor ,
which describes some aspects of the way spacetime is curved.
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