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Chapter 0 A first look at Banach and Hilbert spaces I assume that the reader has some basic familiarity with
measure theory and functional analysis. For convenience, some facts needed from Banach and Lp spaces are
reviewed in this chapter. A crash course in measure theory can be found in Appendix A. If you feel
comfortable with terms like Lebesgue Lp spaces, Banach space, or bounded linear operator, you can skip this
entire chapter. However, you might want to at least browse through it to refresh your memory. Metric and
topological spaces Before we begin, I want to recall some basic facts from metric and topological spaces. I
presume that you are familiar with these topics from your calculus course. A metric space is a space X
together with a distance function d: If ii does not hold, d is called a pseudometric. Moreover, it is
straightforward to see the inverse triangle inequality Problem 0. A first look at Banach and Hilbert spaces P
Example. A point x of some set U is called an interior point of U if U contains some ball around x. If x is an
interior point of U , then U is also called a neighborhood of x. Note that a limit point x need not lie in U , but
U must contain points arbitrarily close to x. A point x is called an isolated point of U if there exists a
neighborhood of x not containing any other points of U. A set which consists only of isolated points is called a
discrete set. If any neighborhood of x contains at least one point in U and at least one point not in U , then x is
called a boundary point of U. That is, O is closed under finite intersections and arbitrary unions. In general, a
space X together with a family of sets O, the open sets, satisfying i â€” iii , is called a topological space. The
notions of interior point, limit point, and neighborhood carry over to topological spaces if we replace open ball
by open set. There are usually different choices for the topology. Note that different metrics can give rise to
the same topology. If there exists a countable base, then X is called second countable. In the case of Rn or Cn
it even suffices to take balls with rational center, and hence Rn as well as Cn is second countable. Any metric
space is a Hausdorff space: That is, closed sets are closed under finite unions and arbitrary intersections. We
can define interior and limit points as before by replacing the word ball by open set. Then it is straightforward
to check Lemma 0. Let X be a topological space. Then the interior of U is the set of all interior points of U ,
and the closure of U is the union of U with all limit points of U. In Rn or Cn we have of course equality.
Clearly the limit is unique if it exists this is not true for a pseudometric. Metric and topological spaces 7 If the
converse is also true, that is, if every Cauchy sequence has a limit, then X is called complete. Both Rn and Cn
are complete metric spaces. Hence U is closed if and only if for every convergent sequence the limit is in U. In
particular, Lemma 0. A closed subset of a complete metric space is again a complete metric space. Note that
convergence can also be equivalently formulated in topological terms: In a Hausdorff space the limit is unique.
A metric space is called separable if it contains a countable dense set. A metric space is separable if and only
if it is second countable as a topological space. From every dense set we get a countable base by considering
open balls with rational radii and centers in the dense set. Conversely, from every countable base we obtain a
dense set by choosing an element from each element of the base. Let X be a separable metric space. Every
subset Y of X is again separable. However, some elements of A must be at least arbitrarily close: A function f
which is both injective and surjective is called bijective. Let X be a metric space. The following are
equivalent: If the image of every open set is open, then f is called open. In a topological space, iii is used as
the definition for continuity. However, in general ii and iii will no longer be equivalent unless one uses
generalized sequences, so-called nets, where the index set N is replaced by arbitrary directed sets. The support
of a function f: In particular, by the inverse triangle inequality 0. Metric and topological spaces 9 Example. In
other words, the products of open sets form a basis of the product topology. In the case of metric spaces this
clearly agrees with the topology defined via the product metric 0. If X is second countable, then every open
cover has a countable subcover. A set is called relatively compact if its closure is compact. A topological
space is compact if and only if it has the finite intersection property: The intersection of a family of closed sets
is empty if and only if the intersection of some finite subfamily is empty. By taking complements, to every
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family of open sets there is a corresponding family of closed sets and vice versa. Moreover, the open sets are a
cover if and only if the corresponding closed sets have empty intersection. A first look at Banach and Hilbert
spaces vi If X is Hausdorff, any intersection of compact sets is again compact. Then there are open sets O is an
open cover for X which has a finite subcover. This subcover induces a finite subcover for Y. By compactness
of T Y , there are y1 ,. Hence there are T finitely many points yk x such that the V x, yk x cover Y. Then every
continuous bijection f: It suffices to show that f maps closed sets to closed sets. By ii every closed set is
compact, by i its image is also compact, and by iii it is also closed. In a metric space, compact and sequentially
compact are equivalent. Metric and topological spaces 11 Lemma 0. Then a subset is compact if and only if it
is sequentially compact. Suppose X is compact and let xn be a sequence which has no convergent
subsequence. However, finitely many suffice to cover K, a contradiction. Every bounded infinite subset of Rn
or Cn has at least one limit point. A first look at Banach and Hilbert spaces Theorem 0. Let X be compact.
Every continuous function f: A metric space for which the Heineâ€”Borel theorem holds is called proper. Note
that a proper metric space must be complete since every Cauchy sequence is bounded. A topological space is
called locally compact if every point has a compact neighborhood. Clearly a proper metric space is locally
compact. Suppose C1 and C2 are disjoint closed subsets of a metric space X. Then there is a continuous
function f: If X is locally compact and C1 is compact, one can choose f with compact support. Since C1 is
compact, finitely many of them cover C1 and we can choose the union of those balls to be O. Let X be a
locally compact metric space. Then there is a partition of 0. Metric and topological spaces 13 unity for K
subordinate to this cover; that is, there are continuous functions hj: By compactness of K, finitely many of
these balls cover K. Let Kj be the union of those balls which lie inside Oj.

Page 2

DOWNLOAD PDF MATHEMATICAL METHODS IN QUANTUM MECHANICS
Chapter 2 : Mathematical Methods of Quantum Mechanics | Mathematics Area - SISSA
Mathematical Methods in Quantum Mechanics is intended for beginning graduate students in both mathematics and
physics and provides a solid foundation for reading more advanced books and current research literature.

History of the formalism[ edit ] The "old quantum theory" and the need for new mathematics[ edit ] Main
article: Old quantum theory In the s, Planck was able to derive the blackbody spectrum which was later used
to avoid the classical ultraviolet catastrophe by making the unorthodox assumption that, in the interaction of
electromagnetic radiation with matter , energy could only be exchanged in discrete units which he called
quanta. Planck postulated a direct proportionality between the frequency of radiation and the quantum of
energy at that frequency. All of these developments were phenomenological and challenged the theoretical
physics of the time. Bohr and Sommerfeld went on to modify classical mechanics in an attempt to deduce the
Bohr model from first principles. The most sophisticated version of this formalism was the so-called
Sommerfeldâ€”Wilsonâ€”Ishiwara quantization. Although the Bohr model of the hydrogen atom could be
explained in this way, the spectrum of the helium atom classically an unsolvable 3-body problem could not be
predicted. The mathematical status of quantum theory remained uncertain for some time. In de Broglie
proposed that waveâ€”particle duality applied not only to photons but to electrons and every other physical
system. The physical interpretation of the theory was also clarified in these years after Werner Heisenberg
discovered the uncertainty relations and Niels Bohr introduced the idea of complementarity. Within a year, it
was shown that the two theories were equivalent. It was Max Born who introduced the interpretation of the
absolute square of the wave function as the probability distribution of the position of a pointlike object. In his
PhD thesis project, Paul Dirac [2] discovered that the equation for the operators in the Heisenberg
representation , as it is now called, closely translates to classical equations for the dynamics of certain
quantities in the Hamiltonian formalism of classical mechanics, when one expresses them through Poisson
brackets , a procedure now known as canonical quantization. In fact, in these early years, linear algebra was
not generally popular with physicists in its present form. He is the third, and possibly most important, pillar of
that field he soon was the only one to have discovered a relativistic generalization of the theory. His work was
particularly fruitful in all kinds of generalizations of the field. Though theories of quantum mechanics
continue to evolve to this day, there is a basic framework for the mathematical formulation of quantum
mechanics which underlies most approaches and can be traced back to the mathematical work of John von
Neumann. In other words, discussions about interpretation of the theory , and extensions to it, are now mostly
conducted on the basis of shared assumptions about the mathematical foundations. Later developments[ edit ]
The application of the new quantum theory to electromagnetism resulted in quantum field theory , which was
developed starting around Quantum field theory has driven the development of more sophisticated
formulations of quantum mechanics, of which the ones presented here are simple special cases.
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The theory of atomic spectra and, later, quantum mechanics developed almost concurrently with the
mathematical fields of linear algebra , the spectral theory of operators , operator algebras and more broadly,
functional analysis. Quantum information theory is another subspecialty. Relativity and quantum relativistic
theories[ edit ] Main articles: Theory of relativity and Quantum field theory The special and general theories
of relativity require a rather different type of mathematics. This was group theory , which played an important
role in both quantum field theory and differential geometry. This was, however, gradually supplemented by
topology and functional analysis in the mathematical description of cosmological as well as quantum field
theory phenomena. In this area both homological algebra and category theory are important nowadays.
Statistical mechanics Statistical mechanics forms a separate field, which includes the theory of phase
transitions. It relies upon the Hamiltonian mechanics or its quantum version and it is closely related with the
more mathematical ergodic theory and some parts of probability theory. There are increasing interactions
between combinatorics and physics , in particular statistical physics. Usage[ edit ] The usage of the term
"mathematical physics" is sometimes idiosyncratic. Certain parts of mathematics that initially arose from the
development of physics are not, in fact, considered parts of mathematical physics, while other closely related
fields are. For example, ordinary differential equations and symplectic geometry are generally viewed as
purely mathematical disciplines, whereas dynamical systems and Hamiltonian mechanics belong to
mathematical physics. John Herapath used the term for the title of his text on "mathematical principles of
natural philosophy"; the scope at that time being "the causes of heat, gaseous elasticity, gravitation, and other
great phenomena of nature". In this sense, mathematical physics covers a very broad academic realm
distinguished only by the blending of pure mathematics and physics. Although related to theoretical physics ,
[3] mathematical physics in this sense emphasizes the mathematical rigour of the same type as found in
mathematics. On the other hand, theoretical physics emphasizes the links to observations and experimental
physics , which often requires theoretical physicists and mathematical physicists in the more general sense to
use heuristic , intuitive , and approximate arguments. Such mathematical physicists primarily expand and
elucidate physical theories. Because of the required level of mathematical rigour, these researchers often deal
with questions that theoretical physicists have considered to be already solved. Issues about attempts to infer
the second law of thermodynamics from statistical mechanics are examples. Other examples concern the
subtleties involved with synchronisation procedures in special and general relativity Sagnac effect and
Einstein synchronisation The effort to put physical theories on a mathematically rigorous footing has inspired
many mathematical developments. For example, the development of quantum mechanics and some aspects of
functional analysis parallel each other in many ways. The mathematical study of quantum mechanics, quantum
field theory, and quantum statistical mechanics has motivated results in operator algebras. The attempt to
construct a rigorous quantum field theory has also brought about progress in fields such as representation
theory. Use of geometry and topology plays an important role in string theory. In the first decade of the 16th
century, amateur astronomer Nicolaus Copernicus proposed heliocentrism , and published a treatise on it in
He retained the Ptolemaic idea of epicycles , and merely sought to simplify astronomy by constructing simpler
sets of epicyclic orbits. Epicycles consist of circles upon circles. An enthusiastic atomist, Galileo Galilei in his
book The Assayer asserted that the "book of nature" is written in mathematics. Descartes sought to formalize
mathematical reasoning in science, and developed Cartesian coordinates for geometrically plotting locations in
3D space and marking their progressions along the flow of time. Having ostensibly reduced the Keplerian
celestial laws of motion as well as Galilean terrestrial laws of motion to a unifying force, Newton achieved
great mathematical rigor, but with theoretical laxity. The Swiss Leonhard Euler â€” did special work in
variational calculus , dynamics, fluid dynamics, and other areas. Also notable was the Italian-born Frenchman,
Joseph-Louis Lagrange â€” for work in analytical mechanics: A major contribution to the formulation of
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Analytical Dynamics called Hamiltonian dynamics was also made by the Irish physicist, astronomer and
mathematician, William Rowan Hamilton Hamiltonian dynamics had played an important role in the
formulation of modern theories in physics, including field theory and quantum mechanics. The French
mathematical physicist Joseph Fourier â€” introduced the notion of Fourier series to solve the heat equation ,
giving rise to a new approach to solving partial differential equations by means of integral transforms. Into the
early 19th century, the French Pierre-Simon Laplace â€” made paramount contributions to mathematical
astronomy , potential theory , and probability theory. In Germany, Carl Friedrich Gauss â€” made key
contributions to the theoretical foundations of electricity , magnetism , mechanics , and fluid dynamics. In
England, George Green published An Essay on the Application of Mathematical Analysis to the Theories of
Electricity and Magnetism in , which in addition to its significant contributions to mathematics made early
progress towards laying down the mathematical foundations of electricity and magnetism. Jean-Augustin
Fresnel modeled hypothetical behavior of the aether. Michael Faraday introduced the theoretical concept of a
fieldâ€”not action at a distance. The English physicist Lord Rayleigh [â€”] worked on sound. Stokes was a
leader in optics and fluid dynamics; Kelvin made substantial discoveries in thermodynamics ; Hamilton did
notable work on analytical mechanics , discovering a new and powerful approach nowadays known as
Hamiltonian mechanics. Very relevant contributions to this approach are due to his German colleague Carl
Gustav Jacobi â€” in particular referring to canonical transformations. The German Hermann von Helmholtz
â€” made substantial contributions in the fields of electromagnetism , waves, fluids , and sound. In the United
States, the pioneering work of Josiah Willard Gibbs â€” became the basis for statistical mechanics.
Fundamental theoretical results in this area were achieved by the German Ludwig Boltzmann Together, these
individuals laid the foundations of electromagnetic theory, fluid dynamics, and statistical mechanics. And yet
no violation of Galilean invariance within physical interactions among objects was detected. The Galilean
transformation had been the mathematical process used to translate the positions in one reference frame to
predictions of positions in another reference frame, all plotted on Cartesian coordinates , but this process was
replaced by Lorentz transformation , modeled by the Dutch Hendrik Lorentz [â€”]. In , experimentalists
Michelson and Morley failed to detect aether drift, however. Einstein initially called this "superfluous
learnedness", but later used Minkowski spacetime with great elegance in his general theory of relativity , [11]
extending invariance to all reference framesâ€”whether perceived as inertial or as acceleratedâ€”and credited
this to Minkowski, by then deceased. The gravitational field is Minkowski spacetime itself, the 4D topology of
Einstein aether modeled on a Lorentzian manifold that "curves" geometrically, according to the Riemann
curvature tensor , in the vicinity of either mass or energy. Under special relativityâ€”a special case of general
relativityâ€”even massless energy exerts gravitational effect by its mass equivalence locally "curving" the
geometry of the four, unified dimensions of space and time. This revolutionary theoretical framework is based
on a probabilistic interpretation of states, and evolution and measurements in terms of self-adjoint operators on
an infinite dimensional vector space. That is called Hilbert space , introduced in its elementary form by David
Hilbert â€” and Frigyes Riesz , and rigorously defined within the axiomatic modern version by John von
Neumann in his celebrated book Mathematical Foundations of Quantum Mechanics , where he built up a
relevant part of modern functional analysis on Hilbert spaces, the spectral theory in particular. Paul Dirac used
algebraic constructions to produce a relativistic model for the electron , predicting its magnetic moment and
the existence of its antiparticle, the positron. List of prominent mathematical physicists in the 20th century[
edit ].
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Mathematical Methods in Quantum Mechanics: University of Vienna, Austria Abstract: Quantum mechanics
and the theory of operators on Hilbert space have been deeply linked since their beginnings in the early
twentieth century. States of a quantum system correspond to certain elements of the configuration space and
observables correspond to certain operators on the space. Part 1 of the book is a concise introduction to the
spectral theory of unbounded operators. Only those topics that will be needed for later applications are
covered. The spectral theorem is a central topic in this approach and is introduced at an early stage. Position,
momentum, and angular momentum are discussed via algebraic methods. Various mathematical methods are
developed, which are then used to compute the spectrum of the hydrogen atom. Further topics include the
nondegeneracy of the ground state, spectra of atoms, and scattering theory. This book serves as a
self-contained introduction to spectral theory of unbounded operators in Hilbert space with full proofs and
minimal prerequisites: Only a solid knowledge of advanced calculus and a one-semester introduction to
complex analysis are required. In particular, no functional analysis and no Lebesgue integration theory are
assumed. It develops the mathematical tools necessary to prove some key results in nonrelativistic quantum
mechanics. Mathematical Methods in Quantum Mechanics is intended for beginning graduate students in both
mathematics and physics and provides a solid foundation for reading more advanced books and current
research literature. This new edition has additions and improvements throughout the book to make the
presentation more student friendly. Solutions are available electronically for instructors only. Please send
email to textbooks ams. Updates and corrections are available for the book; please see errata. The book is
written in a very clear and compact style. It is well suited for self-study and includes numerous exercises many
with hints. This makes the book a nice introduction to this exciting field of mathematics. Graduate Studies in
Mathematics Volume:
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Only the triangle inequality is nontrivial which will follow from the Cauchy-Schwarz inequality below. A first
look at Banach and Hilbert spaces For two orthogonal vectors we have the Pythagorean theorem: As a first
consequence we obtain the Cauchy-Schwarz-Bunjakowski inequality: As another consequence we infer that
the map k. Can we find a scalar product which has the maximum norm as associated norm? Unfortunately the
answer is no! The geometry of Hilbert spaces 17 reason is that the maximum norm does not satisfy the
parallelogram law Problem 0. If an inner product space is given, verification of the parallelogram law and the
polarization identity is straight forward Problem 0. By continuity check this! But how do we define a scalar
product on C I? Suppose we have two norms k. A first look at Banach and Hilbert spaces It is straightforward
to check that Lemma 0. Hence if a function F: In particular, L2cont is separable. But is it also complete?
Unfortunately the answer is no: In fact, the key to solving problems in infinite dimensional spaces is often
finding the right norm! This is something which cannot happen in the finite dimensional case. If X is a finite
dimensional case, then all norms are equivalent. That is, for given two norms k. In particular, if fn is
convergent with respect to k. Completeness 19 Problem 0. Show that the maximum norm on C[0, 1] does not
satisfy the parallelogram law. Prove the claims made about fn , defined in 0. Completeness Since L2cont is not
complete, how can we obtain a Hilbert space out of it? Well the answer is simple: If xn is a Cauchy sequence,
then kxn k converges. Thus X is a normed space X is not! More precisely any other complete space which
contains X as a dense subset is isomorphic to X. This can for example be seen by showing that the identity
map on X has a unique extension to X compare Theorem 0. In particular it is no restriction to assume that a
normed linear space or an inner product space is complete. However, in the important case of L2cont it is
somewhat inconvenient to work with equivalence classes of Cauchy sequences and hence we will give a
different characterization using the Lebesgue integral later. A first look at Banach and Hilbert spaces 0.
Bounded operators A linear map A between two normed spaces X and Y will be called a linear operator A:
The space L X, Y together with the operator norm 0. It is a Banach space if Y is. If Y is complete and An is a
Cauchy sequence of operators, then An f converges to an element g for every f. The converse is also true
Theorem 0. An operator A is bounded if and only if it is continuous. Suppose A is continuous but not
bounded. Bounded operators 21 Theorem 0. If D A is dense, there is a unique continuous extension of A to X,
which has the same norm. Finally, from continuity of the norm we conclude that the norm does not increase.
The Banach space of bounded linear operators L X even has a multiplication given by composition. A Banach
space together with a multiplication satisfying the above requirements is called a Banach algebra. In particular,
note that 0. A first look at Banach and Hilbert spaces Problem 0. Show that the multiplication in a Banach
algebra X is continuous: However, there is a small technical problem recall that a property is said to hold
almost everywhere if the set where it fails to hold is contained in a set of measure zero: The converse is
obvious. The way out of this misery is to identify functions which are equal almost everywhere: We will show
this in the following sections. It should be the set of bounded measurable functions B X together with the sup
norm. The only problem is that if we want to identify functions equal almost everywhere, the supremum is no
longer independent of the equivalence class. A first look at Banach and Hilbert spaces Proof. Then, using the
elementary inequality Problem 0. Suppose fn is a Cauchy sequence. It suffices to show that some subsequence
converges show this. Hence we can drop some terms such that 1 0.
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